Engineering Mechanies 1105-211 Part [: Statics

Chapter (1)

Forece system

1. Analytical method

The magnitude and direction of the resultant force may be obtained,
analytically, as discussed below:

Q Free body diagram
(b)

forces into two components in free body diagram as

1. First of
shown in Fig:

2. tlﬁ forces horizontally and vertically and find their sums, i.e. ), F,
an know that

Sum of¥0rizontal components of the forces at x-axis,
YE =F cosf, — F,cosb,

Sum of vertically components of the forces at y-axis,
Y E, =F; sinf; + F,sinf0, — F;

3. Magnitude of the resultant force,
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2
R = J CE)?*+(XF) 3)
4. If 85 is the angle, which the resultant force makes with the horizontal, then

Or = tan™1(X E /Y E) (4)

2. Graphical method

The magnitude and position of the resultant force may also b tained
graphically as discussed below:

1. First of all, draw the space diagram with the positions of the I 'Forces,
as shown in Fig. 1 (a).

2. Select suitable scale for all forces.

3. Draw the force diagram as shown in Fig. \'

Fig. 2: Force diagram

4
3. the resultant force by using equation (5)
R = 0@X’scale

4. The direction of resultant force can be estimated from Fig.2.
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Example: 1

The screw eye in Fig. 3 is subjected to two forces, F1 and F..

Determine the magnitude and direction of the resultant force.

Ufls= 150N
= 100N

.ﬂ,/“'
-

e
Fig. 3: Screw e \V

Solution:

1. Analvytical method

Draw free body diagram and analys a Orges into two components in x and
y directions.

’ ¢ — — X
Q Ficos@, F,cosf,

A 4

Free body diagram

From free body diagram we have;

YE =F cosf; + F,cosf, =100cos15° + 150 cos 80° = 122.63
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Y E, =F;sinf; + F,sin6, = 100sin 15° + 150sin80° = 173.60 N

The resultant force can be calculated by;

R = \/(2 F)? + (TF,)" = /(122.63)2 + (173.60)2 = 213 N
The direction of resultant force can be calculated by;
1XFy an-1 173.60

Op = tan™ " —

—_ (0]
YF, 122.63 54.8

2. Graphical method

1. First of all, draw the space diagram with the positions of th@es,
as shown in Fig. 3.
2. Select suitable scale for all forces. \(b
Take allowable scale for all 1 cm =25 N \
3. Draw the force diagram as shown in Fig.4%
Q,

Y

Fig. 4

Q\'

From Fig. 4;

R = ob X scale = 8.4 X 25 =210N
And
HR - 550
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Example: 2

The force F = 450 N acts on the frame shown in Fig. 5. Resolve this force into

components acting along members AB and AC, and determine the magnitude
of each component.

Solution:

1. Analytical method N‘

Draw free body diagram and,ana

ces into two components in x and
y directions.

L

—
FABSin 45
o
~
=
=~

N\
\

/

(b ’

F 30 4
ocos30 A“/4:\
e

a” o

 —
F 4p cos 45

o
=
‘gl Y450 N
<

v

Free body diagram

By using the Equilibrium conditions to obtain the forces Fac and Fag.
1. YE. =0

& Fppcos45 —F - cos30=0
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cos 30
“ Fup = Fye

Ccos 45

2. XE,=0

& Fypsin45 — Fy-sin30 —450 =10

o Fyp sin45 — Fy - sin 30 = 450 (2)
By solving Eqgns. (1) and (2) we have

cos 30

Fpe <222 5in 45 — Fyc sin 30 = 450 \
sin45 . _
Fyc —osac COS 30 — Fy-sin 30 = 450 \%

Fyctan45 cos 30 — F,- sin 30 = 450

Fuc[tan 45 cos 30 — sin 30] = 450 X
o Fyp 150 = 1229.4 N Ten®n fokee

- [tan 45 cos 30—sin 30]

Fup = F o220 = 12294 C°S3OQQN Compression force

cos 45 4.5

o)
Q\'
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Example: 3

Determine the magnitude of the resultant force and its direction measured
counterclockwise from the positive x axis. Using analytical and graphical methods.

y
Fy=500N

<

Solution: p
I.  Analytical Method %
From the free body diagram, we get; w

Y F, = 500 cos 30° — 700 cos 15° = %‘ N

—p
00 sin 30°

Y. F, = 500 sin30° — 700 sin OQ.
The resultant force can be gi 700 cos 157
2 150 x
— 2 0
R—\/(ZFx) + ZF — F, =700 N 500 cos 30

V(—243.14)2 + . =252.7N

R

500 sin 15°
P R—

Free body diagram
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Il1. Graphical Method

From the force polygon diagram, we get out;
The resultant force can be measured from the diagram

R=260N and 6 = 165°

Force Polygon diagram
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Example: 4

Determine the resultant R of the three tension forces acting on the eye bolt. Find the
magnitude of R and the angle which R makes with the positive x-axis.

20 kN

Answer:
a. Analytical Method

From the free body diagram, we have

20 sin 30°
> X

Free body diagram

YE = n30° + 8 cos45° = 15.656 kN
Y E, =20cos30° — 4 — 8sin45° = 7.664 kN

2 2
R Jz E. + z F, =+/(15.656)2 + (7.664)% = 17.43 kN

S E, 7.664 :
= tan™? = 26.08
SE " 15656

b. Graphical Method

From force diagram we get;

6 =tan !
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b

Force diagram

“ R =o0cXscale=87x2=174 kN

o
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Example: 5

Determine the resultant R of the two forces applied to the bracket. Write R in
terms of unit vectors along the x- and y-axes shown.

Solution:

l. Analytical Method

From the free body diagram, we get;

z F, =200 cos35° — 150 cos 60°
0 cos 60°
= 88.8304 N

200 sin 35°
—
150 sin 60°

w
9]}
S

C——

X F, =200 sin35° + 150 sin 6Q°
244 62 N 200 cos 35°

The resultant force can be

v

Free body diagram

ant force can be given using the Equation;

_, 244.62

— o
88.8304 70.04

~0=¢=170.04°
I1. Graphical Method

From force diagram we get;

Page | 11
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Force Polygon diagram

~ R = ob X scale = 10.3 X 25 = 257.5 kN (b

% 0p =70

Page | 12
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Example: 6

At what angle must the 400 N force be applied in order that the resultant R of
the two forces have a magnitude of 1000 N? For this condition what will be the
angle between R and the horizontal?

—_—
400 sin 0°

. ' 4
Solution:
Analytical Method Q F; =400 N

From the free body diagram

The resultant force can be gi 400 cos 0°

G

R = JF? + (F,)? Fy =700 ¥

~ (1000)% = (40

Free body diagram

(2 X 400 x 700)

1000)% — (400 )% — (700 )?

=51.31°
(2 x 400 x 700)

Y. F, =—400 cos6° — 700 = —950.04 N
X F, =400 sin6° = 312.22 N
The angle of the resultant force can be given using the Equation;

F 312.22
Y = tan!

= e -18.19°
YF, —950.04

B =tan?!
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FUNDAMENTAL PROBLEMS

1. Determine the magnitude of the resultant force acting on the screw eye and
its direction measured clockwise from the x axis.

6 kN

2. Two forces act on the hook. Determine the magnij e ultant force.

l
\
y

3. The vertical force F

Determine the maghitu
axes of AB ‘%
Q\'

4. Solve Prob. 3 with F =350 N.

Page | 14
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Chapter (2)

Moment of a force

Objective

m To discuss the concept of the moment of a force and show how to calculate
it in two and three dimensions.

m To provide a method for finding the moment of a force about a spe&xis.

Introduction %Q

When a force is applied to a body it will produce M the body to
rotate about a point that is not on the line of action o foree. This tendency

to rotate is sometimes called a torque, but mg it led the moment of
a force or simply the moment. For example, i wrench used to unscrew
the bolt in Fig. 6 (a) . If a force is applied to t dle of the wrench it will
tend to turn the bolt about point O (or th&Z axis). The magnitude of the moment
is directly proportional to the magni and the perpendicular distance or

90°, Fig. 6 (b) , then it will b fficult to turn the bolt since the moment
arm d' = d sin 6 will be . If F is applied along the wrench, Fig. 6
(c), its moment arm wilRoe 2ero since the line of action of F will intersect point
O (the z axis). e e moment of F about O is also zero and no turning

can O(:‘.CUT. \

moment arm d. The larger the for, nger the moment arm, the greater
the moment or turning effect. if the force F is applied at an angle 0 #
d

We can generalize the above discussion and consider the force F and point O
which lie in the shaded plane as shown in Fig. 7 (a). The moment Mo about

Page | 15
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point O, or about an axis passing through O and perpendicular to the plane, is
a vector quantity since it has a specified magnitude and direction.

FAQ
The magnitude of Mo |Q

Where d is the moment ar 0 ndlcular distance from the axis at point O
to the line of action of “Units of moment magnitude consist of force
times distance, e.g.,

of Mo is defined by its moment axis, which is
perpendicu ne that contains the force F and its moment arm d. The
right- hand ruleN d to establish the sense of direction of Mo. According to
this henatdiral curl of the fingers of the right hand, as they are drawn
to alm, represent the rotation, or if no movement is possible, there is
ate for rotation caused by the moment. As this action is performed, the
thumb 0fthe right hand will give the directional sense of Mo, Fig. 7 (a). Notice
that the moment vector is represented three-dimensionally by a curl around an
arrow. In two dimensions this vector is represented only by the curl as in Fig.
7 (b). Since in this case the moment will tend to cause a counterclockwise
rotation, the moment vector is actually directed out of the page.

For two-dimensional problems, where all the forces lie
within the x-y plane, Fig. 8, the resultant moment (MR)O about point O (the z
axis) can be determined by finding the algebraic sum of the moments caused
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by all the forces in the system. As a convention, we will generally consider
positive moments as counterclockwise since they are directed along the
positive z axis (out of the page). Clockwise moments will be negative. Doing
this, the directional sense of each moment can be represented by a plus or minus
sign. Using this sign convention, the resultant moment in Fig. 8 is therefo
('I'(MR)O = X Fd, (Mg)o = Fid; — Fod; + Fzds

F,

<0
: Vv

Fig. 8: N\

If the numerical result of this sum I sitive scalar, (MRr)o will be a
counterclockwise moment (out ofth@ nd if the result is negative, (Mr)o

3

will be a clockwise moment (into

Example: 1

For each case illustrat . 9, determine the moment of the force about
point O.

-

Solution:

Page | 17
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The line of action of each force is extended as a dashed line in order to establish
the moment arm d. Also illustrated is the tendency of rotation of the member
as caused by the force. Furthermore, the orbit of the force about O is shown as
a colored curl. Thus,

Fig.9(@) My = (100 N)(2m) = 200 N.m )

Fig.9 () Mo = (50 N)(0.75m) =37.5N.m )

Fig. 9 (c) My = (401b)(4 ft + 2 cos30° ft) = 229 Ib.ft-)\

Fig.9(d) Mo = (60 1b)(1sin45° ft) = 42.41b.ft )

Fig.9(b) M, = (7 kN)(4m — 1m) = 21.0 k1\®
Example: 2 \l
Determine the resultant moment of the four forges acting on the rod shown in

Fig. 10 about point O. \f\

Y
Solutidh:

Assuming that positive moments act in the +k direction, i.e., counterclockwise,
we have

Fig. 10

(+(Mp)o = X Fd;

(Mg)p = —50 N(2m) + 60 N (0) + 20 N (3 sin30°m) —40 N (4m +
3 cos30°m)

Page | 18
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# (Mg)o = =334 N.m =334 N.m )
For this calculation, note how the moment-arm distances for the 20-N and 40-

N forces are established from the extended (dashed) lines of action of each of
these forces.

Example: 3

Calculate the magnitude of the moment about the base T
point O of the 600-N
force in five different ways.

Solution:

(1) The moment arm to the 600-N force is %\,
d = 4 cos 40° + 2 sin 40° = 4.35 m\Q

(1) By M=Fd the moment Q eand hasthe 4m

magnitude
Mo = 600(4.35) = 26& Ans.

ce S rectangular components at A,
F, =600 sin 40° =386 N

By Avi rem, the moment becomes

(2 % 0(4) + 386(2) = 2610 N .m Ans.
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Example: 4

Calculate the moment of the 250-N force on the handle of the monkey wrench
about the center of the bolt.

Solution:

The moment about the center of the bolt.

= ' ~ 2508in15°

Q 250 cos 15°
M = (2505sin 15° x 30) — %0@ 200) = —46867.66 N. m)

6867.66 N.m)

Q\'@
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FUNDAMENTAL PROBLEMS

1. Determine the moment of the force about point O .

600 1b
F=300N

Page | 21
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Chapter (3)
Equilibrium of a Rigid Body

1. OBJECTIVES

m To develop the equations of equilibrium for a rigid body.
m To introduce the concept of the free-body diagram for a rigid body.
m To show how to solve rigid-body equilibrium problems using the

equations of equilibrium.

2. Conditions for Rigid-Body Equilibrium

In this section, we will develop both the necessary and R itions for
e

the equilibrium of the rigid body in Fig. 11. As sh IS subjected
to an external force and couple moment system that résult of the effects
of gravitational, electrical, magnetic, or co %{f{ used by adjacent
bodies. The internal forces caused by interactio ween particles within the
body are not shown in this figure because tRgse forces occur in equal but
u

opposite collinear pairs and hence wil consequence of Newton’s
third law. a

| out
/4Fl
\

3. Free-Body Diagrams

Successful application of the equations of equilibrium requires a complete
specification of all the known and unknown external forces that act on the body.
The best way to account for these forces is to draw a free-body diagram. This
diagram is a sketch of the outlined shape of the body, which represents it as
being isolated or “free” from its surroundings, i.e., a “free body.” On this sketch
it is necessary to show all the forces and couple moments that the surroundings
exert on the body so that these effects can be accounted for when the equations
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of equilibrium are applied. A thorough understanding of how to draw a free-
body diagram is of primary importance for solving problems in mechanics.

4. Support Reactions

Before presenting a formal procedure as to how to draw a free-body diagram,
we will first consider the various types of reactions that occur at supports and
points of contact between bodies subjected to coplanar force systems. As a
general rule,

« If a support prevents the translation of a body in a given direction, thefa force
is developed on the body in that direction.

« If rotation is prevented, a couple moment is exerted on the b

For example, let us consider three ways in which ah
a beam, is supported at its end. One method consists 0 cylinder, Fig.
12 (a). Since this support only prevents the geam ranslating in the

vertical direction, the roller will only exert a §@rce e beam in this direction,
Fig. 12 (b).

The beam can be supported in a more restfiCtiye manner by using a pin, Fig. 12

(c). The pin passes through a hole in.th nd two leaves which are fixed
to the ground. Here the pin can prg lation of the beam in any direction
a

f, Fig. 12 (d), and so the pin ne orce F on the beam in this direction.
For purposes of analysis, it is erally easier to represent this resultant force
F by its two rectangula ts Fx and Fy, Fig. 12 (e). If Fx and Fy are
known, then F and f cambe“galCulated.

The most restri 0 support the beam would be to use a fixed support

as shown in'gy his support will prevent both translation and rotation

of the beam. his a force and couple moment must be developed on the

1t 9 Int 6f connection, Fig. 12 (g). As in the case of the pin, the force
resented by its rectangular components Fx and F.

ts other common types of supports for bodies subjected to coplanar
force systems. (In all cases the angle u is assumed to be known.) Carefully study
each of the symbols used to represent these supports and the types of reactions
they exert on their contacting members.
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—
"~ roller

(a)
T member

= pin

_‘w‘l_cavcs
A B=
pin

O
F (S
%
or r,—?
F,

(d) (e)

M
; };—(
fixed support
\ 3
\ G (®)
' 4

Fig. 12.

Q\
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Types of Connection i Number of Unknowns
n

One unknown. The reaction is a tension force which acts
away from thc member in the direction of the cable.
cable
(

- e
l&’—% One unknown. The reaction is a force which acts along
the axis of the link.

weightless link

One unknown. The reaction is a force which acts
perpendicular to the surface at the point of contact.

Onec unknown. The reaction is a force which acts
perpendicular to the surface at the point of contact.

Onec unknown. The reaction is a force which acts
perpendicular to the surface at the point of contact.

One unknown. The reaction is a force which acts
perpendicular to the slot.

rollcr or pin in
ned smooth slot

or
% Onc unknown. The reaction is a force which acts
[ [ 8 perpendicular to the rod.
F

member pin connected
to collar on smooth rod

)
o\
TS\Qoquumbrth

N2 we developed the two equations which are both necessary and
sufficient for the equilibrium of a rigid body, namely, >F = 0 and >Mo =0
When the body is subjected to a system of forces, which all lie in the x —y
plane, then the forces can be resolved into their x and y components.
Consequently, the conditions for equilibrium in two dimensions are

YE =0
YF, =0
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ZMO =0
Example: 1

Draw the free-body diagram of the uniform beam shown in Fig. 13. The beam
has a mass of 100 kg. And determine the reactions moment and forces.

N\
&

V4
The free-body diagram of the beam is show IgNL4. Since the support at A
is fixed, the wall exerts three reactions on the b noted as Ax, Ay, and Ma.
The magnitudes of these reactions a own, and their sense has been
assumed. The weight of the beam, W 9.81) N =981 N, acts through the
beam’s center of gravity G, whichsi m A since the beam is uniform.
PR

s 4
‘ |— 2m
x A Effect of applied

force acting on beam

Solution:

A,
Effect of fixed

support acting N
on beam Mal

< Effect of gravity (weight)

acting on beam

N\

From the equilibrium conditions we get;
YE. =0 ~A,=0
YE =0 ~A,=1200+981=2181N

Fig. 14.

YM, =0 M, = (981N x 3m)+ (1200 N x 2m) = 5343 N.m
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Example: 2

Determine the magnitude T of the tension in
the supporting cable and the magnitude of the
force on the pin at A for the jib crane shown.
The beam AB is a standard 0.5-m I-beam with
a mass of 95 kg per meter of length.

Solution:
Algebraic solution.

The system is symmetrical about the vertical
X-y plane through the center of the beam, so

the problem may be analyzed as the equilibrium Worce system.
The free-body diagram of the beam is shown insthe fig yth the pin reaction
n

at A represented in terms of its two rectang co ents. The weight of the
beam is 95(10%)(5)9.81 = 4.66 kN and acts thkgligh fts center. Note that there
be

d from the three equations

ion about A, which eliminates

are three unknowns Ay, Ay, and T, whi
of equilibrium. We begin with a mo q
two of the three unknowns from the équation®In applying the moment equation

about A, it is simpler to consider % nts of the x- and y-components of T
than it is to compute the per cular distance from T to A. Hence, with the

counterclockwise sense a e write

[X>M, =0] (Tcos2 : (T'sin25°)(5-0.12) —10(5—- 1.5 —

0.12) — 4.66( 0

From T =19.61 kN

Ans.

Equatingghe gufg of forces in the x- and y-directions to zero gives

[ A, —19.61cos25°=0 -~ A,=17.77kN

X F, Ay, +19.61sin25° —466—10=0 -~ A, =6.37kN
‘A = (a7 44,

/sz 2l A=,(17.77)2 4+ (6.37)2 = 18.88 kN Ans.
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10 kN
Free-body diagram

Graphical solution.

The principle that three forces in equilibrium must be concurrent is

a graphical solution by combining the two known vertical force .
10 kN into a single 14.66-kN force, located as shown on the m

diagram of the beam in the lower figure. The position ofthi load may
easily be determined graphically or algebraically. Thginte of the 14.66-
kN force with the line of action of the unknown tensi ines the point of
concurrency O through which the pin reactionNA gaustpass. The unknown
magnitudes of T and A may now be found b ing,the forces head-to-tail to
form the closed equilibrium polygon of forces, tisfying their zero-vector
sum. After the known vertical load is | to a convenient scale, as shown

in the lower part of the figure, a li enting the given direction of the
14.66-kN vector. Likewise, a line

tension T is drawn through the fi
representing the direction af in reaction A, determined from the
concurrency established with % ee-body diagram, is drawn through the tail

of the 14.66-kN vector. ction of the lines representing vectors T and
A establishes the m des, T and A necessary to make the vector sum of the
forces equal to Z&ro e'nagnitudes are scaled from the diagram. The x- and
y-componeqts 0 e constructed on the force polygon if desired.

-~ 0 _
- T

! 4 -~ .
\ r—’»ﬁﬂ’ — 'W‘\I

" '
== 466 kN+ : lrll}kN
|

Graphical solution
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Example: 3

The uniform beam has a mass of 50 kg per meter of length. Determine the
reactions at the supports.

y
|
|
|
|

5

Solution:
From the free-body diagram we get

[XF =0] - Ry =0

[XF, =0] =Ry +Rp, =300+180 =

» My = 0]

From Egn. (1)

180 kg 300 kg

RB =0

v v X

\
DU
Q Rﬁlg
0.6 | 1.2 y

Ay
| 18 18
[«

»le N

Free-body diagram

Page | 29
Dr-Mamdouh El-Elamy




Engineering Mechanies 1105-211 Part [: Statics

Example: 4

The 500-kg uniform beam is subjected to the three external loads shown.
Compute the reactions at the support point O. The x-y plane is vertical.

¥
I
I
I

15 kN-m

A /B

[ | -
C
11.4 kN )/
f—12m-—+je—18m 18 m—-s Q
Solution: \b
From the free-body diagram we get \

v

V 4
2.67 kN

30°

Ro, A v/ 3N

My 1 'ium ’8_1;’6 kN

5

¥
I
I
|

k
‘Il. Bl
1

1.2 m—] 1.8m i 1.8m

Ro, '
Wdy diagram

_ Ry, = 136 kN

~5-267=0 =Ry =627kN

%7 X 4.8) + (5%24)— 15— (1.4%x 1.2) = M, = 0
~ M, =8.136kN.m CCW
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Example: 5

Determine the horizontal and vertical components of reaction on the beam
caused by the pin at B and the rocker at A as shown in Fig.. Neglect the weight
of the beam.

Solution: \0
From the free-body diagram we get

600sin45° N

100 N
Equations of Equnlbrﬁ%\nmmg forces in the x direction yields
LYF, =0 s45° —Rp =0
~Rp =424 N Ans.
A ution for Ay can be obtained by applying the moment
equa O ) My = 0 about point B.
O+)YMg=0;

(100 X 2) + (600 sin 45° x 5) — (600 cos 45° x 2) — (RAy x 7) =0
RAy =319N Ans.

Summing forces in the y direction, using this result, gives
+TXE =0; 319-600sin45° — 100 — 200 + Rp, =0
* Rp, = 405 N Ans

Page | 31
Dr-Mamdouh El-Elamy




Engineering Mechanies 1105-211 Part [: Statics

FUNDAMENTAL PROBLEMS

1. Draw the free-body diagram of the dumpster D of the truck, which has a
mass of 2.5 Mg and a center of gravity at G. It is supported by a pin at A and
a pin-connected hydraulic cylinder BC (short link). Determine the
horizontal and vertical components

2. Determine the support reactions on the
the member and can slide vertically along ertical shaft.
. o
900 N

('g[al and vertical components of reaction on the beam

4. The jib crane is pin connected at A and supported by a smooth collar at B.
Determine the roller placement x of the 5000-1b load so that it gives the
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maximum and minimum reactions at the supports. Calculate these reactions
in each case. Neglect the weight of the crane. Require 4 ft <x <10 ft,

5. The crane consists of three parts, which have weij % 500 Ib, W2
=900 Ib, W5 = 1500 Ib and centers of gravity at G A 3, respectively.
Neglecting the weight of the boom, deter (@) ctions on each of

the four tires if the load is hoisted at co city and has a weight of
jon shown, the maximum

\&
6. tieXeFdjib crane is used
the load of 780 Ib. If
th lley T can be placed
anywhere between 1.5 fi<x<7.5

ft, determine the maximum
magnitude of reaction at the
supports A and B. Note that the
supports are collars that allow the
crane to rotate freely about the
vertical axis. The collar at B
supports a force in the vertical direction, whereas the one at A does not.

Page | 33
Dr-Mamdouh El-Elamy




Engineering Mechanies 1105-211 Part [: Statics

Chapter (4)

Friction

CHAPTER OBJECTIVES

To introduce the concept of dry friction and show how to analyze the
equilibrium of rigid bodies subjected to this force.

To present specific applications of frictional force analysis on wedges,
screws, belts, and bearings.

To investigate the concept of rolling resistance @

1. Characteristics of Dry Friction

Friction is a force that resists the movement of two centaeting surfaces that
slide relative to one another. This force al %&an nt to the surface at
the points of contact and is directed so as to“@pposesthe possible or existing
motion between the surfaces.

In this chapter, we will study the ef emy friction, which is sometimes
called Coulomb friction since its cha enistics were studied extensively by C.
A. Coulomb in 1781. Dry fr 'rs between the contacting surfaces of

d. *

bodies when there is no lubri ]

The theory of @an be explained by considering the effects caused
[ I

by pulling a block of uniform weightW which is resting on a
rough horizo face that is nonrigid or deformable, Fig. 1 (a). The upper
portion ofrthg?bloek, however, can be considered rigid. As shown on the free-
b of the block, Fig. 1 (b), the floor exerts an uneven distribution of
both | force ANn and frictional force AF, along the contacting surface.
For equifibrium, the normal forces must act upward to balance the block’s
weight W, and the frictional forces act to the left to prevent the applied force P
from moving the block to the right. Close examination of the contacting
surfaces between the floor and block reveals how these frictional and normal
forces develop, Fig. 1 (c). It can be seen that many microscopic irregularities
exist between the two surfaces and, as a result, reactive forces AR, are
developed at each point of contact. As shown, each reactive force contributes
both a frictional component AF, and a normal component AN,.
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I“' w
* i
_AF, N> AR, AR,

X NA
Resultant Normal
(b) and Frictional Forces

(d)

Fig. 1

Equilibrium. The effect of the distributed normal and frictional loadings is fgdicated
by their resultants N and F on the free-body diagram, Fig. 1 (d). Noti
distance x to the right of the line of action of W, Fig. 1 (d). Thi

coincides with the centroid or geometric center of the % tribution in
Fig. 1(b), is necessary in order to balance the “tippin ect'™ycaused by P. For
example, if P is applied at a height h from t K(?F 1 (d), then moment
equilibrium about point O is satisfied if Wx = P% /W.

Impending Motion. In cases where the s of contact are rather “slippery,” the
frictional force F may not be great eno lance P, and consequently the block
will tend to slip. In other wordsaas Increased, F correspondingly increases
until it attains a certain maximu , called the limiting static frictional force,
Fig. 1 (e). When this valu , the block is in unstable equilibrium since any

determined that static frictional force Fs is directly proportional to the

further increase in Puilhcatise the block to move. Experimentally, it has been

resultant nor . Expressed mathematically,

_, Impending
N motion

ol I
N
Equilibrium

(e)

Fig. 1 (cont.)
s = ugN (1)
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Where the constant of proportionality, ps (mu “sub” s), is called the coefficient of
static friction.

Thus, when the block is on the verge of sliding, the normal force N and frictional
force Fs combine to create a resultant Rs, Fig. 1 (e). The angle ¢s (phi “sub” s) that Rs
makes with N is called the angle of static friction.

From the figure,

4 (5 _q (UsN _
¢, =tan™?! (ﬁs) =tan"! (ST> =tan~1 yg 2)
Typical values for ys are given in Table 1. Note that these valu y since

experimental testing was done under variable conditions of #oug sapd Cleanliness
of the contacting surfaces. For applications, therefore, it | & t both caution
ction fo

and judgment be exercised when selecting a coefficient r a given set of

conditions. When a more accurate calculation g § Ieq Wed, the coefficient of
friction should be determined directly by arfSexperimgent that involves the two
materials to be used. y

a —

Table 8-1 Typical Values for pg

Contact Coefficient of
Materials Static Friction (u)

Metal on ice 0.03-0.05

Wood on wood 0.30-0.70
‘ [.eather on wood 0.20-0.50

§ [Leather on metal 0.30-0.60
Aluminum on 1.10-1.70

\ aluminum

Motion. If the magnitude of P acting on the block is increased so that it becomes
slightly greater than Fs, the frictional force at the contacting surface will drop to a
smaller value F, called the kinetic frictional force.

The block will begin to slide with increasing speed, Fig. 2 (a). As this occurs, the
block will “ride” on top of these peaks at the points of contact, as shown in Fig. 2 (b).
The continued breakdown of the surface is the dominant mechanism creating kinetic
friction.
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Experiments with sliding blocks indicate that the magnitude of the Kinetic friction
force is directly proportional to the magnitude of the resultant normal force, expressed
mathematically as

| w
P

™ #

Fy

Fi = N QO 3)
x’
€

Here the constant of proportionality, P, is coefficient of kinetic
friction. Typical values for mk are approxim 25 percent smaller than
those listed in Table 1 for ps.

As shown in Fig. 2 (a), in this case, t% nt force at the surface of contact,
Rk, has a line of action defingd b IS angle is referred to as the angle of
Kinetic friction, where

Motion

=tan = tan~!

d)k = tan_l <
B

Fk>

AR
y compari S .

4

ects regarding friction can be summarized by referring to the graph in
h shows the variation of the frictional force F versus the applied load P.
rictional force is categorized in three different ways:
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No motion Motion

N

Fig. 3

* F is a static frictional force if equilibrium is maintained.

 F is a limiting static frictional force Fs when it reaches I alue needed
to maintain equilibrium.

* F is a kinetic frictional force Fx when sliding ocgurs at thg contacting surface.

Notice also from the graph that for very largepvaluesgof ® or for high speeds,
aerodynamic effects will cause Fx and likewise edin to decrease.

Characteristics of Dry Friction. As a f experiments that pertain to the
foregoing discussion, we can state the fgllowing rules which apply to bodies

subjected to dry friction.
* The frictional force acts tangenito ntacting surfaces in a direction opposed to
the motion or tendency for mot one surface relative to another.

severely deform e‘eontacting surfaces of the bodies.
» The maxi ional force is generally greater than the kinetic frictional

ping at the surface of contact is about to occur, the maximum static
rce is proportional to the normal force, such that Fs = psN.
» When slipping at the surface of contact is occurring, the kinetic frictional force is
proportional to the normal force, such that Fx = pxN.
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Example: 1

Determine the maximum angle @ which

the adjustable incline may have with the

horizontal before the block of mass m

begins to slip. The coefficient of static R

friction between the block and the 0 1

inclined surface is s.
Solution:

The free-body diagram of the block shows its weight

W = mg, the normal force N, and the friction force F

exerted by the incline on the block. The friction force

acts in the direction to oppose the slipping which «

would occur if no friction were present. ‘-
Equilibrium in the x- and y-directions requires ﬁ

[>F,=0] mgsinf—F=0 ~F-=

[XF,=0] —mg cosf@+N=0 o N=Nng cosb
Dividing the first equation by tEe C gives F/N = tan 6. Since the

maximum angle occurs whe ="sN, for impending motion we have

ts = tan B,y tan™" p,

or

Example: 2 'b

Determine ra alues which the mass

mo may have the 100-kg block shown in

the figurgiwidPnelther start moving up the plane
%n the plane. The coefficient of

sta on for the contact surfaces is 0.30.

Solution:

The maximum value of mo will be given by the

requirement for motion impending up the plane.

The friction force on the block therefore acts
down
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the plane, as shown in the free-body diagram of the block for Case I in the
figure. With the weight mg = 100(9.81) = 981 N, the equations of equilibrium
give

[XF,=0] N-mgcos20°=0 ~N= 922N
Frax = UsN o Fpax = 030 X922 =277 N

[XF, =0] my9.81—277 —981 sin20°=0 ~my= 624k

The minimum value of mo is determined when

motion is impending down the plane. The friction

force on the block will act up the plane to oppose -

the tendency to move, as shown in the free-b@K ma/"},r

diagram for Case Il. Equilibrium in the X 900

direction requires N
Case I1

[XF, =0] m9.81+ 277 — 981 si nmy= 601kg Ans.

Thus, mg may have any valu 62.4 kg, and the block will remain
at rest.

In both cases equilibriu i at the resultant of Fmax and N be concurrent
with the 981 N weight apd nsion T.

Example:

Determine the'mintmum force P to prevent
C rofA from sliding. The contact
IS smooth, whereas the
of static friction between the rod
and the wall at A is us = 0.2.

Solution:
From free body diagram we get;
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Bu using the equilibrium conditions
1-YMz=0
A(Nyx3)+(Fx4)—-Wx2)=0
F = usN, = 0.2N,
~ (3N + (0.2 x 4N,) = (2W)

2W

[3+ (0.2 X 4)]
2 % 300 x 9.81

"B+ (02x4)]
— 154.89 N

2-YE =0
.'.P—NA =0
P =15489 N

NA =

Example: 4

The uniform crate shown in Flgure h
mass of 20 kg. If a force P - 80N 0.8m

applied to the crate, determin
in equmbrlum The coeffic atlc
friction is s =

Solution:
From Free-

x from th g
by kare three unknowns, F, Nc, and X, which can be determined
st he three equations of equilibrium.

Equatiens of Equilibrium.
YE =0 ~80cos30°—-F =0
& F=80cos30°=69.3N
YE =0 - —805sin30° + Np — 196.2 =
0

Y M, =0 - 80'sin 30° (0.4) —
80cos30°(0.2) + No(x) =0
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~ Ne =236.2N and x=-0.00908 m =-9.08 mm

Since x is negative it indicates the resultant normal force acts (slightly) to
the left of the crate’s center line. No tipping will occur since x < 0.4 m. Also,
the maximum frictional force which can be developed at the surface of
contact is Frax = MsNc = 0.3(236.2 N) = 70.9 N.

Since F =69.3 N <70.9 N, the crate will not slip, although it is very close to
doing so.

Example: 5
The uniform 10-kg ladder shown in Figure rests

against the smooth wall at B, and the end A rests on
the rough horizontal plane for which the coefficien

of static friction is ps = 0.3. Determine the angle of
inclination @ of the ladder and the normal r
at B if the ladder is on the verge of slipping. Q
Answer:

from the free body diagram, we hav“ L

by using the equilibrium coneliti
Free body diagram
ZFxZO‘.'Fr_NB:O — IVNp

ZFY:O o NA_W o NA:W (2)

From Eqn. (2) & % X 9.81=98.1N
“F = : 1=2943N

From the triangle

h=4sin6 and L =4cos®H
From Eqn. (3)

~Ngx4sin@ =W x (4cos6/2)
52943 sinf = 49.05cos 0
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Determine the distance s to which the 90-kg painter
can climb without causing the 4-m ladder to slip at its
lower end A. The top of the 15-kg ladder has a small
roller, and at the ground the coefficient of static
friction is 0.25. The mass center of the painter is
directly above her feet.

Solution:

L=+44%>—-152=371m
1.5
0 = cos™! (T) = 67.98°
By using the equilibrium conditions, we get

YE,=0 ~F—Rz=0

A 4

1)

>E =0 ~R,—900-150 Q =900+ 150 =1050N (2)

From Egs. (1) and (2)

1050 = 262.5 N

L) (150 x 0.75) —

625 x3.71) — (150 x 0.75)

900
=0957m

L
“ cosfO = =
S

oL _ 0957
"S_cose_cos67.98°_ 20 M
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Problems
. The 85-Ib force P is applied to the 200-1b crate, which is stationary before
the force is applied. Determine the magnitude and direction of the friction
force F exerted by the horizontal surface on the crate.

200 1b

u, =0.50

/o0 \
. The 700-N force is applied to the 100-kg block, which i jonary before
the force is applied. Determine the magnitude angé' d % the friction
force F exerted by the horizontal surface on the blogK.
s\ ¢

P=TO0ON

100 kg //f;/

ks

i, = 0.80

nkzﬂ.ﬁﬂ]\

N

. The coefficients of ane kinetic friction between the 100-kg block and
the inclined a% 0'and 0.20, respectively. Determine (a) the friction
force F acti t ock when P is applied with a magnitude of 200 N to
the bloc ) the force P required to initiate motion up the incline
from rest,gan
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4. The magnitude of force P is slowly increased. Does the homogeneous box
of mass m slip or tip first? State the value of P which would cause each
occurrence. Neglect any effect of the size of the small feet.

P

NS

Q\'
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Chapter (3)

Area Moments of Inertia

Solved problems:

Example:1

Determine the moment of inertia of the cross-sectional area
of the channel with respect to the X, and Yy, axis. Also
Determine the moment of inertia of the cross-sectional area
of the channel with respect to the x axis.

Solution:

First, the geometric shape should be divided into a set of
geometric shapes.

From the figure can be divided into three parts.

1. With respect to the x, axis

Part: 1 %
N\
0 mm*

Ixo1 _T-I_Ald% = Q
30 x 103
=T+(3OX10)X3 - m

Part: 2

Lxo, = 12
Part: 3

' 4

2 _
3d3_

—5— + (30 x 10) x 35% = 370000 mm*
Ly = Ly, + Ly, + 1y, = 370000 + 180000 + 370000 = 920000 mm*

0 Xoq

The radius of gyration:

A, = A+ Ay + Az = (30 X 10) + (60 X 10) + (30 X 10) = 1200 mm?
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Ly, _ (920000 _
A~ |T1200 " Pm

2. With respect to the y, axis

Part: 1

Lo h;bj 10 x 303
Yoo 12 12
Part: 2

= 22500 mm*

; _ hyb3 60 x 10°
Yoo 12 T 12

Part: 3 \%
B h;b3 B 10 x 303
m* An

= 5000 mm*

= 22500 mm*

bee =13 =712 \("
Iy, = Iy, + 1y, +1,, = 22500 + 5000 + 22500 %g000

The radius of gyration:

S.

3. With respect to the x

I, = Ixo + Atdyzc b
~ L, =9200 52) = 5990000 mm*
The radius of
L, _ 5990000 7065
A 1200 U™
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Example:2

Determine the moment of inertia of the area about the y
axis.

Solution:

A differential element of area that is parallel to the y axis,
as shown in Figure, is chosen for integration. Since this
element has a thickness dy and intersects the curve at the
arbitrary point (x, y), its area is dA = y dx. Hence,
integrating with respecttoy, from x=0to x =2 m, yields.

I, = fxz dA
dA = ydx = (4 — x*)dx
3 452

2
2 4 X
Iy=2f (4x° —x )dx=2‘4?——
0

23 25

=2‘4___ -
3 5],

Example:3

Determine the moment of inertia

idal x- axis, (b) the axis

in Fig. 10-5 with respect t
Xp passing through the basé&gf the reétangle, and (c) the pole or z-
axis perpendiculag, to Y plane and passing through the

centroid O.

Solution:

troidal x-axis
A

Where: dA = b.dy

h/2 1

h/2 h/2 y3
Ix:f yzbdy:bf yzdy: ? :Ebhg
—-h/2 —-h/2 —h/2

I, = — hb?
Y12

b. At the xp-axis
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oLy =1, + Ad?

| 1bh3+bh(h>2—1bh3
T T2 \2) T3
c. Atthe z-axis

1 1 1
* = = —_— 3 —_— 3:— 3 3
“e=L+ 1y 12bh +12hb 12[hb + bh°]

‘e

Example:3

Determine the moment of inertia of the cross-sectional
area of the channel with respect to the y axis. Determine
the radius of gyration of an area about y axis

Q
Solution: Q
dl, = x*dA \
X2
Iy = f xsz %
x1
Part: (1) Q

|
_U\
X 4
‘(@//

R
NS
A

¥

\

= ihb3 = i(50)(200)3 = 3 mm*
12 12 '

Part: (2)

\Y

1
5 (50)(200)° = 33333333.3 mm*

0 3 = 3125000 mm*

2L, =1, +1I, +1I, =33333333.3 + 3125000 + 33333333.3 = 69791666.6 mm*
= 69.8 x 10°® mm*

o _ | _ |eo7916666 _ .
y= |4~ | 35000 2™

Dr-Mamdouh El-Elamy
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Example:4

Determine the moments of inertia of the rectangular area about
the centroidal xo- and yo-axes, the centroidal polar axis zo
through C, the x-axis, and the polar axis z through O.

Solution:

For the calculation of the moment of inertia Ixo about the xo-
axis, a horizontal strip of area b dy is chosen so that all
elements of the strip have the same y-coordinate. Thus,

Ly, = fyz dA

Where a horizontal strip of area dA = b dy

+h/2
y3 h/2 1

2 _ — 3
v bdy =b|—= =—>bh
s 3 _n/2 12

By interchange of symbols, the moment of inertia agout th troidal yo-axis is
+b/2 31b/2

xzhdx—h? =—hb3
—b/Z /2

The centroidal polar moment of i ertl
Zo = Ixo + IJ’o
—A(b2 + h?)

moment of inertia about the x-axis is

1 1
§bh(b2 + h?) = §A(b2 + h?)
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